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Abstract

A system of approximate equations for the extensional and ~exural motion of electroelastic plates subject
to large electric _elds is derived from the variational equations of electroelasticity for small strain and cubic
electric _elds[ The two!dimensional equations are derived by introducing an appropriate expansion for the
mechanical displacement and electric potential in the thickness!coordinate and integrating through the
thickness[ The resulting equations are reduced to the uncoupled systems of anisotropic extension and
elementary ~exure[ The electroelastic constitutive equations are reduced to the form suitable for thin plates
by relaxing the appropriate plate stress resultants[ Þ 0888 Elsevier Science Ltd[ All rights reserved[

0[ Introduction

Many piezoelectric components have plate!like shapes[ Some of these components like resonators
and _lters are for the purpose of frequency control[ They are often made of materials such as
quartz with weak piezoelectric coupling and work under small electric _elds[ Several versions of
linear piezoelectric plate theories for these applications have been derived by Tiersten and Mindlin
"0851#\ Mindlin "0861#\ and Lee et al[ "0876#[ Piezoelectric components like actuators and trans!
formers are used to transfer force or power[ They usually work under relatively strong electric
_elds and are made of materials with strong piezoelectric coupling like polarized ceramics or
lithium niobate[ For these applications nonlinearity due to strong electric _elds often needs to be
considered[ For example\ the saturation of the output voltage of a piezoelectric transformer is a
consequence of electric nonlinearity[ The need to consider electric nonlinearity in smart structures
has also been noted by Rao and Sunar "0883#[ Particularly\ the important phenomenon of elec!
trostriction and the related biased piezoelectricity is based on quadratic electric nonlinearity[

Recently electroelastic equations for the extensional motion of very thin electroelastic plates

� Fax ] 990 391 361 7181 ^ e!mail ] jyangÝunlinfo[unl[edu



J[S[ Yan` : International Journal of Solids and Structures 25 "0888# 2060Ð20812061

with fully electroded major surfaces subject to large driving voltages and undergoing small strain
were derived by Tiersten "0882a# from the general nonlinear electroelastic equations of Baumhauer
and Tiersten "0862# and Tiersten "0864#[ A system of approximate two!dimensional equations
were subsequently obtained by Tiersten "0882b# for a higher!order description for the mechanical
and quadratic nonlinear electrical behavior of relatively thin electroelastic plates in extensional
and ~exural motion\ and the equations are valid for either electroded or unelectroded plates[ These
equations were later generalized to thermoelectroelastic plates to include thermal _elds by Yang
and Batra "0883\ 0884a#[ The equations of Tiersten "0882a\ b# have been used by Tiersten "0882c#\
Zhou and Tiersten "0883#\ Yang et al[ "0883#\ Batra et al[ "0885a\ b#\ Yang and Tiersten "0886#\
Yang "0886#\ and Yang "0887# to analyze various problems of elastic plates with fully or partially
electroded piezoelectric actuators and buckling of piezoelectric plates[

In this paper\ the plate equations of Tiersten "0882b# are generalized to include cubic electrical
nonlinearity[ This is because very often quadratic nonlinearity does not give enough accuracy
according to Tiersten "0882a# or correct qualitative behavior and sometimes\ because of the
symmetry of the material\ quadratic nonlinear terms do not appear and the _rst nonlinear terms
are cubic terms[ The equations derived in this paper also generalize those of Tiersten "0882b# in
that the equations in this paper include the lowest order term of the electric potential which is
uniform in the plate thickness direction while those of Tiersten "0882b# do not have this lowest
order electric potential term[ For ceramics poled in the thickness direction this lowest order
electric potential term vanishes in certain problems but for the more general case this term has a
contribution and it is included in the present work for completeness and generality[

The plate equations in this paper which contain terms up to cubic in the electric _eld and linear
in the mechanical variables\ are obtained by means of an appropriate expansion of the mechanical
displacement and electric potential in powers of the thickness coordinate in the variational equation
of electroelasticity and an integration through the thickness in the manner of Mindlin "0844#[ Since
only the lowest frequency approximations are of interest here\ the appropriate assumptions are
made and the equations of the extensional and elementary ~exural motion of thin plates are
obtained\ and in this lowest order approximations are uncoupled in the general anisotropic case[
The expansion of the electric potential contains terms up to cubic in the thickness coordinate with
four independent plate potentials which are de_ned so that all but the constant and linear ones
vanish at the surface of the plate[ Because of this\ in the electroded region with a prescribed voltage
there are only two electrostatic plate equations\ while in the unelectroded region there are four
electrostatic plate equations[

1[ Basic equations

From the fully nonlinear equations of electroelasticity given by Baumhauer and Tiersten "0862#
and Tiersten "0864# the electroelastic equations for in_nitesimal strain and including terms up to
cubic in the electric _eld may be written in the form

tij\i � ru� j\ Di\i � 9 "1[0#
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tij � cijklSkl−ekijEk−
0
1
b¼klijEkEl−

0
5
dklmijEkElEm

Di � eiklSkl¦oikEk¦
0
1
xkjiEkEj¦

0
5
x½ kjliEkEjEl "1[1#

where

Skl �
0
1
"uk\l¦ul\k#\ Ek � −f\k "1[2#

and we have introduced the conventions that a comma followed by an index l denotes partial
di}erentiation with respect to the referential coordinate xl\ a dot over a variable denotes partial
di}erentiation with respect to time and repeated indices are to be summed[ The range of the indices
i\ j\ k\ l are 0\ 1\ 2[ In eqns "1[0#Ð"1[2# r\ ui\ tij\ Di\ Skl\ Ek and f denote the reference mass density\
the mechanical displacement vector\ the total stress tensor "mechanical plus Maxwell electrostatic#\
the electric displacement vector\ the small strain tensor\ the electric _eld vector and the electric
potential\ respectively[ Note that the linear portions of the nonlinear constitutive equations in "1[1#
are identical with the linear piezoelectric constitutive equations\ in which the constants cijkl\ eikl and
oik denote the elastic\ piezoelectric and dielectric constants\ respectively[ b¼klij\ xkji\ dklmij and x½ kjli are
nonlinear material constants[ We note that b¼klij\ the e}ective electrostrictive constant\ includes the
e}ect of the Maxwell electrostatic stress tensor[

Since we are interested in obtaining the equations of the extensional and ~exural motion of
relatively thin electroelastic plates along with the electrostatic plate equations\ all of which are
two!dimensional\ we have recourse to the variational equations of electroelasticity which is con!
sistent with the foregoing system of equations[ It is clear from the assumption of in_nitesimal
strain in the general rotationally invariant electroelastic equations\ the form of the equations
presented in this section and the variational equation of linear piezoelectricity of Tiersten "0858#\
that the variational equation of electroelasticity for the approximation employed in this work can
be written in the form of Tiersten "0882b#

g
t

t9

dt gV

ð"tlk\l−ru�k#duk¦Dl\ldfŁ dV � 9 "1[3#

Equations "1[3#\ with the aid of eqn "1[2#\ will be used to obtain approximate two!dimensional
equations of mechanical motion and electrostatics for thin plates in the next section[

2[ Two!dimensional equations of balance

A plan view and cross!section of a thin plate with thickness 1h are shown in Fig[ 0 along with
the coordinate system[ The top and bottom surfaces are either identically electroded or not[ The
electrodes in a given region are assumed to have a potential di}erence or voltage across them[

We now obtain approximate two!dimensional mechanical equations of motion and charge
equations of electrostatics for the thin plate shown in Fig[ 0 by employing assumed expansion of
uj and f in the thickness coordinate in the variational equations of electroelasticity "1[3# and
integrating through the thickness[ To this end we write the variational equation of electroelasticity
given in "1[3# in a form suitable for obtaining the approximate plate equations in accordance with
Fig[ 0\ thus\
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Fig[ 0[ Plan view and cross!section of a partially electroded plate[

gS

dS g
h

−h

ð"tab\a¦t2b\2−ru�b#dub¦ "ta2\a¦t22\2−ru�2#du2¦"Da\a¦D2\2#dfŁ dx2 � 9 "2[0#

in which we have omitted the integral over time\ which is unimportant for our purposes\ and
introduced the convention that a\ b\ c\ d takes the values 0 and 1\ but not 2[

Since\ as noted in the Introduction\ only the lowest frequency approximations\ i[e[\ the equations
of the extensional and ~exural motion of plates are of interest here\ we expand uj in the form

uj � u"9#
j "xa\ t#¦x2u

"0#
j "xa\ t#¦x1

2u
"1#
j "xa\ t# "2[1#

in which u"1#
j is included to allow for the free thickness!strains accompanying elementary ~exure in

the manner of Mindlin "0844#[ Since in an electroded region of the plate the potential di}erence\
or voltage\ across the electrode is independent of position in the plane of the plate\ we expand f

in the form

f � f"9# "xa\ t#¦
x2

1h
f"0# "xa\ t#¦0

x1
2

h1
−01f"1# "xa\ t#¦

x2

h 0
x1

2

h1
−01f"2# "xa\ t# "2[2#

in which only the second term containing f"0# contributes to the voltage across the electrodes[
Equation "2[2# is basically taken from Tiersten "0882b#\ with the di}erence that here we have f"9#

but the corresponding equation of Tiersten "0882b# does not and starts with the f"0# term[ f"9# is
needed for a complete description in the unelectroded region[ In an electroded region the two!
dimensional plate electric potentials f"9# and f"0# must be independent of the coordinates xa in the
plane of the plate[ However\ in an unelectroded region f"9# and f"0# are\ in general\ functions of
the coordinates xa[ Clearly\ this expansion could be carried to higher!order\ but this is the lowest
order that is purposeful[

Substituting from "2[1# and "2[2# into "2[0#\ performing the integrations with respect to x2\
including integrations by parts of the terms di}erentiated with respect to x2\ we obtain
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gS $ s
1

n�9 0t"n#
ak\a−nt"n−0#

2k ¦F "n#
k −r s

1

m�9

Hmnu�
"m#
k 1 du"n#

k ¦"D "9#
a\a¦1hd "9#

2 #df"9#

¦0
0
1h

D "0#
a\a−

0
1h

D "9#
2 ¦d "0#

2 1 df"0#¦0
0

h1
D "1#

a\a−D "9#
a\a−

1

h1
D "0#

2 1 df"1#

¦0
0

h2
D "2#

a\a−
0
h

D "0#
a\a−

2

h2
D "1#

2 ¦
0
h

D "9#
2 1 df"2#% dS � 9 "2[3#

where

t"n#
kl � g

h

−h

xn
2tkl dx2\ D "n#

k � g
h

−h

xn
2Dk dx2 "2[4#

F "n#
j � ðxn

2t2jŁh−h\ d "n#
2 �

0
1h

ðxn
2D2Łh−h "2[5#

H99 � 1h\ H90 � H09 � 9\ H00 � 1
2
h2

H91 � H19 � 1
2
h2\ H01 � H10 � 9\ H11 � 1

4
h4 "2[6#

and we note that the terms F "n#
j and d "n#

2 arise from the integrations by parts[ We further note that
the terms d "1#

2 and d "2#
2 vanish because the x2!dependence of the coe.cients of f"1# and f"2# vanishes

at x2 � 2h[ For arbitrary duk we obtain the nine plate stress resultant equations of motion

t"n#
ak\a−nt"n−0#

2k ¦F "n#
k � r s

1

m�9

Hmnu�
"m#
k \ n � 9\ 0\ 1 "2[7#

We note that the three equations for n � 1 will not actually occur because they will be eliminated
by allowing for the free development of the u"1#

k accompanying anisotropic ~exure\ as did Mindlin
"0844#[ For arbitrary df"n# we obtain the four two!dimensional electric charge equations of electro!
statics

D "9#
a\a¦1hd "9#

2 � 9

0
1h

D "0#
a\a−

0
1h

D "9#
2 ¦d "0#

2 � 9

0

h1
D "1#

a\a−D "9#
a\a−

1

h1
D "0#

2 � 9

0

h2
D "2#

a\a−
0
h

D "0#
a\a−

2

h2
D "1#

2 ¦
0
h

D "9#
2 � 9 "2[8#

In an electroded region in which f"0# � V "the voltage# f"9# is also a constant and the _rst two
equations of "2[8# are not needed to obtain the solution[ They simply serve to de_ne d "9#

2 and d "0#
2

in terms of the plate solution[ However\ in an unelectroded region in which V is not prescribed
these equations are required to obtain a solution[
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At this point we have the nine two!dimensional stress equations in "2[7#[ However\ since we are
interested in obtaining only the uncoupled equations of anisotropic extension and elementary
~exure\ it is convenient to rewrite the equations as separate essentially extensional and essentially
~exural equations[ However\ we note that before the elementary uncoupling assumptions are
made\ the equations are actually coupled due to anisotropy[ We further note that we cannot
complete the reduction without the plate constitutive relations\ which are obtained in the next
section[ For the plate constitutive equations it is convenient to de_ne Mindlin|s plate strains\ which
we can do in this section simply by substituting the expansion "2[1# into the strainÐdisplacement
relation\ eqn "1[2#\ and rearranging terms\ which enables us to write

Sij � s
1

n�9

xn
2S

"n#
ij \ S "n#

ij �
0
1

ðu"n#
i\ j ¦u"n#

j\i ¦"n¦0#"d2iu
"n¦0#
j ¦d2ju

"n¦0#
i #Ł "2[09#

We now note that we will not need S "1#
ij because of the reduction that is to be made[ When

elementary ~exure and extension are to be uncoupled\ from "2[7#\ we may separate the essentially
extensional plate equations\ which are

t"9#
ab\a¦F "9#

b � 1rhu� "9#
b ¦1

2
rh2u� "1#

b

t"0#
a2\a−t"9#

22¦F "0#
2 � 1

2
rh2u� "0#

2

t"1#
ab\a−1t"0#

2b ¦F "1#
b � 1

2
rh2u� "9#

b ¦1
4
rh4u� "1#

b "2[00#

and the essentially ~exural plate equations\ which are

t"9#
a2\a¦F "9#

2 � 1rhu� "9#
2 ¦1

2
rh2u� "1#

2

t"0#
ab\a−t"9#

2b ¦F "0#
b � 1

2
rh2u� "0#

b

t"1#
a2\a−1t"0#

22¦F "1#
2 � 1

2
rh2u� "9#

2 ¦1
4
rh4u� "1#

2 "2[01#

In the case of extension we must _rst allow for the free plate thickness!strains S "9#
22 by setting

t"9#
22 � 9[ Then in order to eliminate the _rst!order extensional equations completely we set

t"0#
2a � 9[ This has the e}ect of eliminating the second!order equations in "2[00# completely since all

second!order plate stress resultants t"1#
ij are irrelevant in the approximation\ and may be ignored\

as may the dynamic terms on the right!hand side of "2[00#2 and "2[01#2[ Furthermore\ in order to
eliminate ~exure from the extensional equations\ from "2[01# it is clear that we must have t"9#

a2 � 9\
t"0#

ab � 9\ t"0#
22 � 9[ Collecting all the conditions on the stress resultants\ we have

t"9#
2j � 9\ t"0#

ij � 9 "2[02#

the _rst of which will be used to reduce the general plate electroelastic constitutive equations to
those that are suitable for anisotropic extension in the next section[ We further note that since we
have eliminated ~exure\ we have u� "9#

2 � 9[ Also\ since we are well below the lowest thickness
resonant frequency of the plate\ we may assume u� "0#

j � 9\ u� "1#
j � 9\ then all that remain of "2[00#

are
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t"9#
ab\a¦F "9#

b � 1rhu� "9#
b "2[03#

which are the two equations for the extensional motion of thin plates[
In the case of ~exure\ we must _rst allow for the plate thickness strain S "0#

22 by setting t"0#
22 � 9[

This has the additional e}ect of eliminating the second!order ~exural equation completely because\
as already noted\ all second!order plate stress resultants are irrelevant in this approximation\ and
may be ignored[ Then\ in order to eliminate extension from the ~exural equations\ from "2[00# it
is clear that we must have t"9#

ab � 9\ t"0#
a2 � 9\ t"9#

22 � 9[ These conditions enable us to write

t"0#
2j � 9\ t"9#

ab � 9\ t"9#
22 � 9 "2[04#

the _rst of which will be used to reduce the general plate electroelastic constitutive equations to
those that are suitable for elementary ~exure of thin plates in the next section[ We further note
that since we have eliminated extension\ we have u� "9#

b � 9[ Also\ since we are well below the lowest
thickness resonant frequency of the plate\ we may assume u� "0#

j � 9\ u� "1#
j � 9[ In order to complete

the reduction to the elementary theory of ~exure we must take the thickness!shear plate strains
S "9#

2a to vanish as Mindlin "0844#\ with which "2[09#1 yields

u"0#
a � −u"9#

2\a "2[05#

which enables us to obtain a single equation in the one dependent variable u"9#
2 in the elementary

theory of the ~exure of thin plates[ Utilizing the fact that u� "0#
b � 9\ which is the elimination of

rotatory inertia\ enables us to obtain t"9#
2a from "2[01#1\ the substitution of which in "2[01#0 yields

t"0#
ab\ab¦F "0#

b\b¦F "9#
2 � 1rhu� "9#

2 "2[06#

which is the equation for the elementary theory of the ~exural motion of thin plates[
Thus\ at this stage we have the extensional equation of motion "2[03# for which we must obtain

plate constitutive equations for t"9#
ab \ the ~exural equations of motion "2[06#\ for which we must

obtain plate constitutive equations for t"0#
ab \ and the four plate equations for electrostatics for which

we must obtain plate constitutive equations D "n#
k "n � 9\ 0\ 1\ 2#[ As noted earlier\ the constitutive

equations will be obtained in the next section[ The constitutive equations will contain the seven
dependent variables u"9#

j and f"n# "n � 9\ 0\ 1\ 2# as required by the seven _eld equations "2[8#\ "2[03#
and "2[06#[

To the foregoing plate equations we must adjoin the appropriate boundary conditions[ For the
equations of anisotropic extension "2[03#\ at an interface separating one region from another we
have the well!known continuity conditions

na ]t"9#
ab ^ � 9\ ]u"9#

b ^ � 9 "2[07#

where na denotes the unit normal directed from the {−| to the {¦| side of the interface and\ in
which we have introduced the usual convention ]A^ � A¦−A− for the jump[ At the edge either
nat

"9#
ab or u"9#

b or some combination thereof are prescribed[ For the equation of elementary ~exure\
at an interface we have the well!known continuity conditions

na]t"0#
ab ^nb � 9\ * t"9#

n2 ¦
1t"0#

ns

1s +� 9\ *
1u"9#

2

1n +� 9\ ]u"9#
2 ^ � 9 "2[08#

where
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t"9#
n2 � nbt

"9#
b2 \ t"0#

ns � nat
"0#
ab sb "2[19#

and sb denotes a unit vector tangent to an interface of separation in the counterclockwise direction[
At an edge either nat

"0#
ab nb and t"9#

n2 ¦1t"0#
ns :1s or 1u"9#

2 :1n and u"9#
2 or some combination thereof are

prescribed[ In addition\ there are the well!known conditions across corners of discontinuous curves[
In the case of the two!dimensional plate equations of electrostatics "2[8#\ at an interface sepa!

rating one region from another\ we require the continuity conditions

]f"n#^ � 9\ n � 9\ 0\ 1\ 2 "2[10#

since the f"n# "n � 9\ 0\ 1\ 2# are constraint type variables[ In addition\ by multiplying the
well!known three!dimensional electrostatic continuity conditions ]Dana^ � 9 by
"0\ x2:1h\ x1

2:h
1−0\"x1

2:h
1−0#x2:h#\ respectively\ and integrating the resulting equations from −h

to h\ we obtain the following two!dimensional plate continuity conditions

na]D "9#
a ^ � 9\ na]D "0#

a ^ � 9\ na]D "1#
a −h1D "9#

a ^ � 9\ na]D "2#
a −h1D "0#

a ^ � 9 "2[11#

At an edge either naD
"9#
a \ naD

"0#
a \ na"D "1#

a −h1D "9#
a # and na"D "2#

a −h1D "0#
a # or f"9#\ f"0#\ f"1# and f"2#

or some combination thereof are prescribed[

3[ Two!dimensional constitutive equations

In this section we obtain the constitutive relations for the plate stress\ electric displacement
resultants de_ned in "2[4#[ The resulting constitutive equations are then reduced to those appro!
priate for the uncoupled equations of anisotropic extension and elementary ~exure by employing
eqns "2[02#0 and "2[04#0\ respectively[ Clearly\ the constitutive equations are obtained by sub!
stituting from "1[1# into "2[4#\ employing "2[09#0 and the analogous electrical equations and
integrating through the thickness[ From "1[2#1 and "2[2# we _nd that the analogous electrical
equations take the form

Ea � −f"9#
\a −

x2

1h
f"0#

\a −0
x1

2

h1
−01f"1#

\a −
x2

h 0
x1

2

h1
−01f"2#

\a

E2 � −
0
1h

f"0#−
1x2

h1
f"1#−0

2x1
2

h2
−

0
h1f"2# "3[0#

As noted earlier\ by virtue of the fact that in this low!order treatment we ignore the second!order
equations completely\ we do not need the plate strains S "1#

ij in "2[09#0\ which means that for our
purposes here\ eqn "2[09#0 takes the form

Sij � s
0

n�9

xn
2S

"n#
ij "3[1#

which is directly analogous to "3[0#[
Before proceeding\ we introduce the usual compressed matrix notation for stress and strain in

the constitutive relations\ which will be convenient in what follows[ In this convention the tensor
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indices i j or kl are replaced by p or q which take the values 0\ 1\ 2\ 3\ 4\ 5 as i j or kl take the values
00\ 11\ 22\ 12\ or 21\ 20 or 02\ 01 or 10[ Accordingly\ we write the constitutive equations "1[1# in
the compressed notation thus\

tp � cpqSq−ekpEk−
0
1
b¼klpEkEl−

0
5
dklmpEkElEm

Di � eiqSq¦oikEk¦
0
1
xkjiEkEj¦

0
5
x½ kjliEkEjEl "3[2#

where the sum from 0Ð5 on the repeated matrix indices is understood[ We also note that in the
matrix notation eqn "3[1# takes the form

Sq � s
0

n�9

xn
2S

"n#
q "3[3#

Similarly\ from eqn "2[4#0 we write the relevant forms

t"9#
p � g

h

−h

tp dx2\ t"0#
p � g

h

−h

x2tp dx2\ "3[4#

Now\ substituting from "3[2# into "3[4# and "2[4#1\ introducing "3[3# and "3[0# and integrating
through the thickness\ we obtain the electroelastic plate constitutive equations in the form

t"9#
p � 1hcpqS

"9#
q ¦1heapf

"9#
\a −3

2
heapf

"1#
\a ¦e2pf

"0#

−0
1
b¼ijpN

"9#
ij −0

5
dijkpN

"9#
ijk

t"0#
p �

1
2

h2cpqS
"0#
q ¦

h1

2
eapf

"0#
\a −

3
04

h1eapf
"2#
\a ¦

3
2

he2pf
"1#

−
0
1

b¼ijpN
"0#
ij −

0
5

dijkpN
"0#
ijk "3[5#

D "9#
k � 1hekpS

"9#
p −1hokaf

"9#
\a ¦3

2
hokaf

"1#
\a −ok2f

"0#

¦0
1
xijkN

"9#
ij ¦0

5
x½ ijmkN

"9#
ijm

D "0#
k � 1

2
h2ekpS

"0#
p −0

2
h1okaf

"0#
\a ¦ 3

04
h1okaf

"2#
\a −3

2
hok2f

"1#

¦0
1
xijkN

"0#
ij ¦0

5
x½ ijmkN

"0#
ijm

D "1#
k � 1

2
h2ekpS

"9#
p −1

2
h2okaf

"9#
\a ¦ 3

04
h2okaf

"1#
\a −0

2
h1ok2f

"0#− 7
04

h1ok2f
"2#

¦0
1
xijkN

"1#
ij ¦0

5
x½ ijmkN

"1#
ijm

D "2#
k � 1

4
h4ekpS

"0#
p −0

4
h3okaf

"0#
\a ¦ 3

24
h3okaf

"2#
\a −3

4
h2ok2f

"1#

¦0
1
xijkN

"2#
ij ¦0

5
x½ ijmkN

"2#
ijm "3[6#

where the nonlinear terms N "n#
ij and N "n#

ijk "n � 9\ 0\ 1\ 2# are given in Appendix I[ These constitutive
relations are not yet in a useful form for our purposes because we have not yet imposed the
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extensional plate relaxation conditions "2[02#0 and ~exural plate relaxation conditions "2[04#0\
which in the compressed matrix notation take the respective forms

t"9#
2 � 9\ t"9#

3 � 9\ t"9#
4 � 9 "3[7#

t"0#
2 � 9\ t"0#

3 � 9\ t"0#
4 � 9 "3[8#

In view of the conditions in "3[7# and "3[8# we now introduce the matrix index convention of
Tiersten "0882b# which will be of considerable use to us in the sequel[ The convention is that we
let the subscripts u\ v\ w take the values 2\ 3\ 4 while the subscripts r\ s\ t take the remaining values
0\ 1\ 5[ This permits us to write "3[7# and "3[8# in the form

t"9#
w � 9\ t"0#

w � 9 "3[09#

We may now write eqn "3[5# in the form

t"9#
r � 1hcrsS

"9#
s ¦1hcrvS

"9#
v ¦1hearf

"9#
\a −3

2
hearf

"1#
\a ¦e2rf

"0#−0
1
b¼ijrN

"9#
ij −0

5
dijkrN

"9#
ijk "3[00#

t"9#
w � 1hcwsS

"9#
s ¦1hcwvS

"9#
v ¦1heawf

"9#
\a −3

2
heawf

"1#
\a ¦e2wf

"0#

−0
1
b¼ijwN

"9#
ij −0

5
dijkwN

"9#
ijk � 9 "3[01#

t"0#
r �

1
2

h2crsS
"0#
s ¦

1
2

h2crvS
"0#
v ¦

h1

2
earf

"0#
\a −

3
04

h1earf
"2#
\a ¦

3
2

he2rf
"1#−

0
1

b¼ijrN
"0#
ij −

0
5

dijkrN
"0#
ijk

"3[02#

t"0#
w �

1
2

h2cwsS
"0#
s ¦

1
2

h2cwvS
"0#
v ¦

h1

2
eawf

"0#
\a −

3
04

h1eawf
"2#
\a ¦

3
2

he2wf
"1#

−
0
1

b¼ijwN
"0#
ij −

0
5

dijkwN
"0#
ijk � 9 "3[03#

Equations "3[01# and "3[03# may be readily solved for S "9#
v and S "0#

v \ respectively\ with the result

S "9#
v � −c−0

vw cwsS
"9#
s −eawc

−0
wv f"9#

\a ¦
1
2

eawc
−0
wv f"1#

\a −
0
1h

e2wc
−0
wv f"0#

¦
0
3h

b¼ijwc
−0
wv N "9#

ij ¦
0

01h
dijkwc

−0
wv N "9#

ijk "3[04#

S "0#
v � −c−0

vw cwsS
"0#
s −

0
1h

c−0
vw eawf

"0#
\a ¦

1
4h

c−0
vw eawf

"2#
\a −

1

h1
c−0

vw e2wf
"1#

¦
2

3h2
b¼ijwc

−0
wv N "0#

ij ¦
2

01h2
dijkwc

−0
wv N "0#

ijk "3[05#

where the matrix sums are over the indices 2\ 3\ 4 as a result of the convention[ Substituting from
"3[04# and "3[05# into "3[00# and "3[02#\ respectively\ we obtain
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t"9#
r � 1hgrsS

"9#
s ¦1hccrf

"9#
\c −

3h
2

ccrf
"1#
\c ¦c2rf

"0#−
0
1

b¼p
ijrN

"9#
ij −

0
5

dp
ijkrN

"9#
ijk "3[06#

t"0#
r �

1h2

2
grsS

"0#
s ¦

h1

2
ccrf

"0#
\c −

3h1

04
ccrf

"2#
\c ¦

3h
2

c2rf
"1#−

0
1

b¼p
ijrN

"0#
ij −

0
5

dp
ijkrN

"0#
ijk "3[07#

where

grs � crs−crvc
−0
vw cws\ cks � eks−ekwc

−0
wv cvs

b¼p
ijs � b¼ijs−b¼ijwc

−0
wv cvs\ dp

ijks � dijks−dijkwc
−0
wv cvs "3[08#

and we note that the grs are the Voigt|s anisotropic plate elastic constants\ the cks are plate
piezoelectric constants and the b¼p

ijs are the e}ective plate electrostrictive constants[ The constitutive
relations in "3[06# and "3[07# are in the form required for use in the equations for anisotropic
extension "2[03# and elementary ~exure "2[06#[ At this point we note that the substitution of "2[05#
into "2[09#1 yields

S "0#
ab � −u"9#

2\ab "3[19#

which is an important relation for the ~exural equation[ We now write the S "n#
q in each of the

constitutive equations "3[6# as two separate terms\ one containing S "n#
s and the other containing

S "n#
v in accordance with our convention\ and substitute from "3[04# and "3[05# into the appropriate

equations\ with the result

D "9#
k � 1hcksS

"9#
s −1hzkcf

"9#
\c ¦

3h
2

zkcf
"1#
\c −zk2f

"0#

¦
0
1

xp
ijkN

"9#
ij ¦

0
5

x½ p
ijmkN

"9#
ijm

D "0#
k �

1h2

2
cksS

"0#
s −

h1

2
zkcf

"0#
\c ¦

3h1

04
zkcf

"2#
\c −

3h
2

zk2f
"1#

¦
0
1

xp
ijkN

"0#
ij ¦

0
5

x½ p
ijmkN

"0#
ijm

D "1#
k �

1h2

2
cksS

"9#
s −

1
2

h2zkcf
"9#
\c ¦

3h2

34
z¼kcf

"1#
\c −

h1

2
zk2f

"0#−
7h1

04
ok2f

"2#

¦
h1

5
DijkN

"9#
ij ¦

0
1

xijkN
"1#
ij ¦

h1

07
GijmkN

"9#
ijm¦

0
5

x½ ijmkN
"1#
ijm

D "2#
k �

1h4

4
cksS

"0#
s −

h3

4
zkcf

"0#
\c ¦

3h3

064
z¹kcf

"2#
\c −

3h2

4
zk2f

"1#

¦
2h1

09
DijkN

"0#
ij ¦

0
1

xijkN
"2#
ij ¦

h1

09
GijmkN

"0#
ijm¦

0
5

x½ ijmkN
"2#
ijm "3[10#

where



J[S[ Yan` : International Journal of Solids and Structures 25 "0888# 2060Ð20812071

zkj � okj¦ekvc
−0
vw ejw\ z¼kc � 2okc¦4ekvc

−0
vw ecw

z¹kc � 4okc¦6ekvc
−0
vw ecw\ xp

ijk � xijk¦Dijk

Dijk � b¼ijwc
−0
wv ekv\ x½ p

ijmk � x½ ijmk¦Gijmk

Gijmk � dijmwc
−0
wv ekv "3[11#

The constitutive equations in "3[10# are in the form required for use in the plate electrostatic
equation in "2[8#[ However\ in order to use the constitutive equations in "3[06#\ "3[07# and "3[10#
in the _eld equations "2[03#\ "2[06# and "2[8#\ they must be converted from matrix form back into
tensor form[ This is accomplished simply by replacing r by ab and s by cd whenever they occur in
"3[06#\ "3[07# and "3[10#[ For example\ "3[06# may be written

t"9#
ab � 1hgabcdS

"9#
cd ¦1hccabf

"9#
\c −

3h
2

ccabf
"1#
\c ¦c2abf

"0#−
0
1

b¼p
ijabN

"9#
ij −

0
5

dp
ijkabN

"9#
ijk "3[12#

The substitution of the tensor form of the constitutive equations "3[06#\ "3[07# and "3[10# in "2[8#\
"2[03# and "2[06# along with "2[09#1 for S "9#

ab and "3[19# yields seven equations in the seven dependent
variables u"9#

j \ f"9#\ f"0#\ f"1#\ f"2#\ which are nonlinear in the plate electric potentials f"n#[ By
appropriate substitutions the boundary conditions may be written in terms of the same seven
variables in each region[

4[ Summary of equations

Equations of balance "2[8#\ "2[03# and "2[06#

t"9#
ab\a¦F "9#

b � 1rhu� "9#
b

t"0#
ab\ab¦F "0#

b\b¦F "9#
2 � 1rhu� "9#

2

D "9#
a\a¦1hd "9#

2 � 9

0
1h

D "0#
a\a−

0
1h

D "9#
2 ¦d "0#

2 � 9

0

h1
D "1#

a\a−D "9#
a\a−

1

h1
D "0#

2 � 9

0

h2
D "2#

a\a−
0
h

D "0#
a\a−

2

h2
D "1#

2 ¦
0
h

D "9#
2 � 9 "4[0#

StrainÐdisplacement relations "2[09#1 and "3[19#

S "9#
ab � 0

1
"u"9#

a\b¦u"9#
b\a #

S "0#
ab � −u"9#

2\ab "4[1#

Constitutive equations "3[06#\ "3[07# and "3[10#
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t"9#
ab � 1hgabcdS

"9#
cd ¦1hccabf

"9#
\c −

3h
2

ccabf
"1#
\c ¦c2abf

"0#

−
0
1

b¼p
ijabN

"9#
ij −

0
5

dp
ijkabN

"9#
ijk

t"0#
ab �

1h2

2
gabcdS

"0#
cd ¦

h1

2
ccabf

"0#
\c −

3h1

04
ccabf

"2#
\c ¦

3h
2

c2abf
"1#

−
0
1

b¼p
ijabN

"0#
ij −

0
5

dp
ijkabN

"0#
ijk

D "9#
k � 1hckcdS

"9#
cd −1hzkcc

"9#
\c ¦

3h
2

zkcf
"1#
\c −zk2f

"0#

¦
0
1

xp
ijkN

"9#
ij ¦

0
5

x½ p
ijmkN

"9#
ijm

D "0#
k �

1h2

2
ckcdS

"0#
cd −

h1

2
zkcf

"0#
\c ¦

3h1

04
zkcf

"2#
\c −

3h
2

zk2f
"1#

¦
0
1

xp
ijkN

"0#
ij ¦

0
5

x½ p
ijmkN

"0#
ijm

D "1#
k �

1h2

2
ckcdS

"9#
cd −

1
2

h2zkcf
"9#
\c ¦

3h2

34
z¼kcf

"1#
\c −

h1

2
zk2f

"0#−
7h1

04
ok2f

"2#

¦
h1

5
DijkN

"9#
ij ¦

0
1

xijkN
"1#
ij ¦

h1

07
GijmkN

"9#
ijm¦

0
5

x½ ijmkN
"1#
ijm

D "2#
k �

1h4

4
ckcdS

"0#
cd −

h3

4
zkcf

"0#
\c ¦

3h3

064
z¹kcf

"2#
\c −

3h2

4
zk2f

"1#

¦
2h1

09
DijkN

"0#
ij ¦

0
1

xijkN
"2#
ij ¦

h1

09
GijmkN

"0#
ijm¦

0
5

x½ ijmkN
"2#
ijm "4[2#

Continuity conditions "2[07#\ "2[08#\ "2[10# and "2[11#

na]t"9#
ab ^ � 9\ ]u"9#

b ^ � 9

na]t"0#
ab ^nb � 9\ * t"9#

n2 ¦
1t"0#

ns

1s +� 9\ *
1u"9#

2

1n +� 9\ ]u"9#
2 ^ � 9

]f"n#^ � 9\ n � 9\ 0\ 1\ 2

na]D "9#
a ^ � 9\ na]D "0#

a ^ � 9

na]D "1#
a −h1D "9#

a ^ � 9\ na]D "2#
a −h1D "0#

a ^ � 9 "4[3#

De_nitions of material constants "3[08# and "3[11#
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grs � crs−crvc
−0
vw cws\ cks � eks−ekwc

−0
wv cvs

b¼p
ijs � b¼ijs−b¼ijwc

−0
wv cvs\ dp

ijks � dijks−dijkwc
−0
wv cvs

zkj � okj¦ekvc
−0
vw ejw\ z¼kc � 2okc¦4ekvc

−0
vw ecw

z¹kc � 4okc¦6ekvc
−0
vw ecw\ xp

ijk � xijk¦Dijk

Dijk � b¼ijwc
−0
wv ekv\ x½ p

ijmk � x½ ijmk¦Gijmk

Gijmk � dijmwc
−0
wv ekv "4[4#

Ranges of indices

i\ j\ k\ l\ m\ n ] 0\ 1\ 2^ a\ b\ c\ d ] 0\ 1^ p\ q ] 0\ 1\ 2\ 3\ 4\ 5^ r\ s\ t ] 0\ 1\ 5^ u\ v\ w ] 2\ 3\ 4

5[ Conclusions

A set of two!dimensional plate equations are derived for the extension and ~exure of relatively
thin electroelastic plates under strong electric _elds[ The equations are cubic in the electric potentials
and can be applied to electroded or unelectroded plates[ The equations derived above include the
results of Tiersten "0882b# as special cases[

Appendix I ] Nonlinear electrical terms

N "9#
ab � hð1f"9#

\a f"9#
\b ¦ 05

094
f"2#

\a f"2#
\b −3

2
"f"1#

\a f"9#
\b ¦f"1#

\b f"9#
\a #

− 1
04

"f"0#
\a f"2#

\b ¦f"2#
\a f"0#

\b #¦05
04

f"1#
\a f"1#

\b ¦0
5
f"0#

\a f"0#
\b Ł

N "9#
2b � 7

04
"f"2#f"1#

\b −f"1#f"2#
\b #¦1

2
"f"1#f"0#

\b −f"0#f"1#
\b #¦f"0#f"9#

\b

N "9#
22 �

0
29h

ð37f"2#f"2#¦79f"1#f"1#¦04f"0#f"0#Ł

N "0#
ab � h1 ð 05

094
"f"1#

\a f"2#
\b ¦f"2#

\a f"1#
\b #− 3

04
"f"2#

\a f"9#
\b ¦f"2#

\b f"9#
\a #

− 1
04

"f"1#
\a f"0#

\b ¦f"1#
\b f"0#

\a #¦0
2
"f"9#

\a f"0#
\b ¦f"9#

\b f"0#
\a #Ł

N "0#
2b � hð0

5
f"0#f"0#

\b ¦ 3
04

f"2#f"0#
\b − 7

04
f"1#f"1#

\b − 1
04

f"0#f"2#
\b − 7

094
f"2#f"2#

\b ¦3
2
f"1#f"9#

\b Ł

N "0#
22 � 3

2
f"1#f"0#¦21

04
f"1#f"2#

N "1#
ab � h2 ð 05

204
f"2#

\a f"2#
\b − 3

04
"f"1#

\a f"9#
\b ¦f"1#

\b f"9#
\a #− 1

24
"f"2#

\a f"0#
\b ¦f"2#

\b f"0#
\a #

¦ 05
094

f"1#
\a f"1#

\b ¦ 0
09
f"0#

\a f"0#
\b ¦1

2
f"9#

\a f"9#
\b Ł

N "1#
2b � h1 ð 7

04
f"2#f"9#

\b ¦1
4
f"1#f"0#

\b − 1
04

f"0#f"1#
\b ¦0

2
f"0#f"9#

\b − 7
24

f"1#f"2#
\b − 7

094
f"2#f"1#

\b Ł

N "1#
22 � hð 7

04
f"2#f"0#¦ 77

094
f"2#f"2#¦0

5
f"0#f"0#¦7

4
f"1#f"1#Ł
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N "2#
ab � h3 ð 05

204
"f"2#

\a f"1#
\b ¦f"2#

\b f"1#
\a #− 3

34
"f"9#

\a f"2#
\b ¦f"9#

\b f"2#
\a #

− 1
24

"f"1#
\a f"0#

\b ¦f"1#
\b f"0#

\a #¦0
4
"f"9#

\a f"0#
\b ¦f"9#

\b f"0#
\a #Ł

N "2#
2b � h2 ð 0

09
f"0#f"0#

\b ¦ 7
24

"f"2#f"0#
\b −f"1#f"1#

\b #− 1
24

f"0#f"2#
\b − 7

094
f"2#f"2#

\b ¦3
4
f"1#f"9#

\b Ł

N "2#
22 � h1 ð3

4
f"1#f"0#¦53

24
f"1#f"2#Ł

N "9#
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04
"f"2#

\a f"9#
\b f"0#

\c ¦f"2#
\b f"9#

\c f"0#
\a ¦f"2#

\a f"9#
\c f"0#

\b

¦f"2#
\c f"9#

\a f"0#
\b ¦f"2#

\c f"9#
\b f"0#

\a ¦f"2#
\b f"9#

\a f"0#
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−05
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"f"1#
\a f"1#

\b f"9#
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\c f"1#
\b f"9#
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\a f"1#

\c f"9#
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¦ 0
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\b f"0#

\a ¦f"1#
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Appendix II ] Transversely isotropic materials

Polarized ceramics are transversely isotropic[ Transversely isotropic materials do not constitute
a crystal class[ Therefore\ the matrices for nonlinear material constants of various crystal classes
listed by Nelson "0868# cannot be used[ Based on the theory of invariants by Spencer "0860#\ for
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ceramics poled in the x2 direction\ we can obtain the following constitutive relations cubic in the
electric _eld variables in a similar way as in Yang and Batra "0885#[
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For the linear part of the plate constitutive relations we compute grs\ cks\ zkj\ z¼kj\ and z¹kj and
obtain
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